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CRACK ZONE AND CRACK FRONT IN AN ELASTIC BODY UNDER PRESSURE 

V. P. Koryavov 
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In [1] a description was given of the  crack zone and crack front in a 
brittle elastic body under high pressure at the wall of a cavity inside 
the body. In the present paper, this description is analyzed and an 
approximate solution of the problem of the propagation of the crack 
front and the motion of the  medium is proposed. 

w The equat ion of sphe r i ca l ly  s y m m e t r i c  mot ion 
of an e las t ic  med ium has the fo rm 

0~ 0o~ 2 (% -- 00) 
Pot 2 - -  Or + r (1.1) 

Here  r and t a r e  the coordina te  and t ime,  r e s p e c -  
t ively,  u is the d i sp l acemen t  of a pa r t i c l e  of the 
m a t e r i a l ,  p is dens i ty ,  and ~r and a0 a re  the rad ia l  
and az imutha l  s t r e s s e s ,  r espec t ive ly .  F o r  sphe r i ca l ly  
s y m m e t r i c  mot ion  of a med ium in which az imutha l  
s t r e s s e s  a r e  absent  due to the p r e s e n c e  of rad ia l  
c racks ,  the equation of mot ion has the fo rm 

O~u 00~ + 2 % (1.2) 
P-~i~--- or ~ - "  

F r o m  equat ions (1.1 and 1.2), with the aid of 
Hooke's  law, we co r r e spond ing ly  obtain 

i o~u o~u 2 { o u  u )  c~ E(i- -~)  (1.3) 
# at 2 Or 2 "JF r \ O r  - -  r ' - - p ( l + - ~ j ( i - - 2 0 ) '  

i 02u O~u 2 0 u  E 
co ~ Ot~ = ~ + r  Or ' c~  T - '  (1.4) 

where  ~ is  P o i s s o n ' s  ra t io ,  and E is  Young's  modulus.  
The gene ra l  so lu t ion  of equation (1.3) has the fo rm 

tt ~ - - - O ~ ' r  ~. r / '  

~P2 = * ,  (t + E _ ~ ) ,  (1.5) 

where  ~1 and r a r e  a r b i t r a r y  funct ions ,  and ro is  the 
in i t ia l  r ad ius  of the cavi ty,  which we in t roduce  for  
convenience  in the following ana lys i s .  The solut ion of 
equat ion (1.4) is as follows: 

t (  u = h + i ~  r 
- - 7 - - - '  1 1 =  I t - -  co ' 

F o r  the r ad ia l  c rack  zone 

Ou 
v = ~/- z, = E L-~ (1.8) 

* 0 r  " 

As in [1], we examine  the following problem.  At a 
c e r t a i n  moment  of t ime ,  on a sphere  of rad ius  r 0 
within a sol id body, a p r e s s u r e  is in i t ia ted  that gene r -  
ates a sphe r i ca l  e las t ic  wave. The t ens i l e  s t r e s s e s  
c rea ted  in this  wave lead to the fo rmat ion  of a rad ia l  
c rack  zone in which az imutha l  s t r e s s e s  a r e  absent .  

t 

l 

"o r 

Fig. i 

The dividing line between zones is called the crack 
front. Since the elastic wave moves in an unperturbed 
medium at rest, it will be a wave traveling in one 
direction and described by one function r To deter- 
mine the form of this function, it is sufficient to have 
a single condition at one boundary, for example, at 
the cavity wall or the crack front. The motion in the 
crack region which extends over the perturbed zone 
is desc r ibed  by the funct ions f l  and f2, whose d e t e r -  
mina t ion  r e q u i r e s  condit ions at two boundar ies :  the 
cavity and the c r a c k  front .  In [1], a s y s t e m  of equa- 
t ions  was given in which the re f lec ted  wave (function 
f2) was neglected  on the bas i s  of condi t ions  that were  
not expl ici t ly  formula ted .  In this  case ,  the s y s t e m  
becomes  ove rde t e rmined .  This  approx imate  approach 
wil l  be t r ea ted  in m o r e  detai l  at the end of the paper .  

We wr i t e  the condit ions of conse rva t ion  of mass  
and m o m e n t u m  at the c rack  f ront  

/. = 7, (, + (16)  

where  f l  and f2 a r e  a r b i t r a r y  funct ions  which, l ike @i 
and r a r e  found f rom the boundary  condi t ions .  F o r  
a cont inuous e las t ic  med ium 

Ou E [(t - -  z) Urr + 2zu00 | 
v = - ~ ,  z, = - (l + z) (t -- 2z) ' 

E (use + zurr ) Ou u 
(t + z) 0 - 2z) 

(1.7) 

92 (V2 - -  R:) = P1 (Vl - -  11:~'), 

p~ (v2 - -  R ' )  2 - -  ~,2 ---- Pl (v, - -  B ' )  2 -  ( r , , ,  

(1.9) 

where  R" is the veloci ty  of the front ,  Pl, vl and ~ri 
a r e  the densi ty ,  m a s s  flow rate ,  and rad ia l  s t r e s s  in 
the e las t ic  zone ahead of the c rack  front ,  and P2, v2, 
and Gr2 a re  the co r respond ing  quant i t ies  behind the 
f ront  in the c rack  zone. F o r  the dens i ty  (in the case  of 
sphe r i ca l  symme t r y )  we have the following express ion :  
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w h e r e  Po is the ini t ia l  dens i ty  of the medium.  In e o r -  
r e s p o n d e n c e  with the eoneepts  of [1], in the c r a c k  

zone cr 0 -= O, and at the c r a c k  front  ~0 = ~0.  (cr i t ica l ) .  

In e l a s t i c i t y ,  due to the s m a l l  d i sp l acemen t  of the 
cavi ty ,  the boundary  condi t ion is usual ly  r e f e r r e d  to 
the in i t ia l  rad ius  of the eavi ty ,  whi le  the p r e s s u r e  at 
the wall  is a lways taken as independent  of the mot ion 
in the e l a s t i c  medium.  Such an approx ima t ion  may,  
na tu ra l ly ,  r e q u i r e  ad jus tmen t s  a s s o c i a t e d  with the 
c o n s i d e r a t i o n  of the d i sp l acemen t  of the boundary o r  the 

c o n s i d e r a t i o n  of the mo t iono f  the gas ins ide  the cavi ty ,  
s ince  it is  p o s s i b l e  that  an abrupt  rup tu re  of the e l a s t i c  
m e d i u m  may lead to the fo rma t ion  of a wave d i r ec t ed  

toward  the c e n t e r  of the cavi ty ,  which in its turn  may 
lead to an i n c r e a s e  in p r e s s u r e  at the boundary with 

the e l a s t i c  medium.  The p r o b l e m  b e c o m e s  m o r e  
c o m p l i c a t e d  when the m e d i u m  c e a s e s  to be e l a s t i c .  

We wil l  examine  in m o r e  deta i l  the poss ib le  types  
of d i scon t inu i t i e s  at the c r a c k  front  in the a p p r o x i m a -  
t ion o r d i n a r i l y  used  fo r  e l a s t i c i ty .  The  p r e s s u r e  p(t) 
is g iven  at the cav i ty  wal l .  At the moment  t .  at which 
the c r a c k  f ront  f o r m s ,  the p r e s s u r e  r e m a i n s  cont inu-  

ous.  F i g u r e  1 g ives  a s c h e m a t i c  r e p r e s e n t a t i o n  of the 
wall ,  the c r a c k  f ron t  (~), and the c h a r a c t e r i s t i c  (x), 
the o r ig in  of which is in the point at which the c r a c k  

front  f o r m s .  In [1] it was a s s u m e d  that  a0* is r eached  
at the cav i ty  wal l ,  and then r e m a i n s  unchanged at the 
c r a c k  front .  This  c o r r e s p o n d s  to the a s sumpt ion  that 

cr 0 is  continuous at the c h a r a c t e r i s t i c .  It should be 
noted h e r e  that  a m o r e  gene ra l ,  though s t i l l  r e l a t i ve ly  
s imp le ,  a s sump t ion  would be that at the  c h a r a c t e r i s t i c  

a0 has a d iscont inui ty ,  i. e . ,  the fo rma t ion  o f the  c r a c k  
front  t akes  p lace  at a c e r t a i n  cr0, say l a r g e r  than that  
which subsequen t ly  ex i s t s  at the c r a c k  front .  In our  
c a s e  it is  a l so  na tu ra l  to a s s u m e  cont inui ty of d i s -  
p l a c e m e n t  a c r o s s  the c h a r a c t e r i s t i c .  F r o m  the se  two 
a s sumpt ions ,  s ince  at both s ides  of the c h a r a c t e r i s t i c  

(points 1 and 2 in Fig .  1) 

% z r (i-- 2z) u (I.ii) 
p :  - -  ( l - - z )  c '~r  ( l - -z )  r ' 

it fol lows that $" " is a l so  continuous at the c h a r a c t e r -  
i s t i c .  Then,  s ince  at both s ides  of the c h a r a c t e r i s t i c  

~-- 2 (1--  2~) u (1.12) 
~ *'" 4 (~_~) ~ ,  pc ~ c2r 

i t  fol lows that  ~r is a l so  continuous at the c h a r a c t e r -  
i s t i c .  F r o m  the condi t ion of m a s s  and m o m e n t u m  con- 
s e r v a t i o n  at the c h a r a c t e r i s t i c ,  it fol lows that v, r 
and r a r e  a l so  cont inuous at the c h a r a c t e r i s t i c .  In 

v i r t ue  of the cont inui ty  of p r e s s u r e  at the cavi ty  wal l  
(at points  1 and 3, s ince  the points 1, 2, and 3 r e p r e s e n t  
one phys ica l  point),  % is continuous at the c r a c k  f ront  

(points 2 and 3 in Fig.  1). F r o m  (1.9) and (1.10) it can 

be  seen  that the cont inui ty  of ~r leads  e i t h e r  to the 

condit ion 

V i --~ V~ ~ ~'~ P0 P0 2 % ,  . p~ p~ E ' (i.13) 

in which case, however, a crack front does not form 

because it moves together with the cavity boundary, 

or to the condition 

vl = v2, Pl = P~, (1.14) 

i. e . ,  the cont inui ty  of al l  functions at the c r a c k  front .  
It fol lows f r o m  (1.10), however ,  that  this  condit ion 
can be p r e c i s e l y  sa t i s f i ed  only fo r  or0. = 0. Without 
ana lyz ing  this  s i tua t ion  m o r e  c lose ly ,  we wi l l  examine  
the case  or0. = 0. Th is  c a s e  is doubt less  of p r a c t i c a l  
s ign i f i cance ,  s ince  numerous  f i s s u r e d  m a t e r i a l s  do 
not exhibi t  t en s i l e  s t r eng th  in p r a c t i c e ,  while  fo r  
numerous  m a t e r i a l s  or0. << E, which is p r e c i s e l y  the 

requirement for p~ ~ P2. 
w The condition or0. = 0 and the continuity of the 

radial stress at the crack front lead to the relations 

/~ R - - ( l _ _ 2 z ) . :  = ~  -[- = co - - '  

: /, /, 

CO / ~ 

w h e r e  R is the rad ius  of the c r a c k  front .  
The condition of velocity continuity at the front 

yields 

v R  = ~ - @  ~ -  = / :  + /2" .  (2.2) 

The  condi t ion at the cavi ty  boundary (r = r0) fo r  the 
c r a c k  reg ion  has the f o r m  

h0"" ho" -t- ho + h o -- p ( 0 ,  
r /'0 2 - -  

(2.3) 
110 = ] 1  ( t ) ,  120 = I2  ( t ) ,  110" = 11"  ( t ) ,  /20" : 12" ( t ) ,  

It is r ead i ly  shown that  the condi t ion of cont inui ty 

of d i s p l a c e m e n t s  at the f ront  

]~ + ]~. = - ~  -[- ~ - ~ P "  ~P (2.4) 

does  not in t roduce  any thing new. We d i f f e ren t i a t e  

(2.4) a long R(t)- 

B" 

o r  

Making use  of the r e l a t i on  de r ived  f r o m  the con-  

di t ion ~0.  = 0 and (2.4), we obtain 

/," + / : - ( V  + (2.5) 
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= n'Vl:-l~'~---~o -t-11+/~ v ( ~  ~" ~ ) ] "  ( 2 . 5 )  
(Cont'd) 

It can be seen  that (2.5) and (2.1) lead d i rec t ly  to 
(2.2), while (2.5) and (2.2) lead to the las t  t e r m  of 
(2 .1) - -cont inu i ty  of s t r e s s .  

Hence, for the four  unknown funct ions R,r f l ,  and 
f2 we have the four  equat ions 

(i-----2z) c s' ~ "-[-R ~ ' Co z R 

/;,:,:-:,: = (2.6) 
COF 0 r o  ~ 

The in i t i a l  condi t ions  a t t h e p o i n t  R = r0, t = t . ,  and 
the point i tself ,  a r e  found f r o m  the known mot ion  that  
p recedes  the fo rma t ion  of the c rack  zone. The solut ion 
for the sphe r i ca l l y  s y m m e t r i c  mot ion  of an e las t ic  
m e d i u m  fo r  a given law govern ing  the p r e s s u r e  v a r i -  
a t ion at the wal l  of a sphe r i ca l  cavi ty  has the fo rm 

pc~ ] : t  -- 26 

~. (,) = r :  e_.~ [~ (cos ~ - -  V~--2z  sin ~ )  + pc 

q- :~ (sin ~ + ] / ' f ~ - - ~  cos [iv)], 

T 

J~ = I P ( z ) e ~ c ~  
o 

( i - - 2 z )  c 
a = (~_~) ~ ,  

F o r  the step p = P0 = const  

~P (~) - polo ~ 
�9 pc ~ 

fp (  ) J~ -- ~ e~s in  ~d~, 
0 

= ( ~ - ~ )  ;o" 

(i --z) [i - - e - ~ ( c o s ~  ~- ] / ' ~ - ~  sin,~v)l, 2 (l --  2z) 

- ro~ (i - -  z) r (~) = ?o , " e- = sin ~ ,  (2.7) 

(co  sin 

It is  evident  that  in  this  case ,  the c r i t i c a l  t e n s i l e  
s t r e s s  a 0 ,  = 0 is r eached  f i r s t  at  the cavi ty  wall .  The 
r e l a t ion  for  the p a r a m e t e r s  at the wall  is wr i t t en  in 
the f o r m  

zeo i I l + ~  , , ,  1 

uo po (1--~) [ : l__e .~ t (cos~t__~f]__2~s ir t~ t ) ] ,  

= ( ~ ) vo po e_~t cos ~t -~ sm ~t (2.8) 
T " 

The momen t  of onset  of the c rack  f ront  t ,  for  the 
s tep  is  found f r o m  the f i r s t  equation of (2.8), in which 

fit* is  denoted by ~ ,  

e-r  ~ ] / ' f - ~ - ~ s i n ~ . )  = t - - z  -i--+--~:. (2.9) 

It can be seen  that ~,  o r  the d i m e n s i o n l e s s  t ime  
t l ,  = t , c / r 0  for  the step is  a func t ion  of (ronly. Knowing 
t . ,  i t  is poss ib l e  to ca lcu la te  alI the r equ i r ed  in i t i a l  
condi t ions  for  the s y s t e m  (2.6). 

The solut ion of the s y s t e m  (2.6) is ve ry  compl ica ted  
and, to al l  appea rances ,  can  be obtained only n u m e r i -  
cal ly.  An approx imate  solut ion in the fo rm of an 
expansion n e a r  the in i t i a l  point of the f r on t - -u se fu l  
a lso in  the n u m e r i c a l  s o l u t i o n - - c a n  be obtained by 
de t e r mi n i ng  the va lues  of the funct ions and t he i r  
de r iva t ives  at this  point.  

Di f fe ren t ia t ing  the f i r s t  th ree  equat ions in (2.6) with 
r e spec t  to t a long R(t) and solving them for  R", we get 

ar 2 -- (t -- 2~) v 
6r / c 3 § (t  - -  2~) Z r / E 

z (/1"" --/F)/co-- (t -- z) v 
(A'" §  / co ~ § (l -- z) z ~ / E  

~'" / c -- (t ~ 2~) c~z~ / E -- (/1"" § 
~ ' "  / C2 § Y - -  (]I'*- ]2"') / CO 

(2.10) 

At the in i t ia l  point of the front ,  v and ~r /E  a r e  
known; hence  the th ree  r e l a t ions  in (2.10), toge ther  
with the r e l a t ion  der ived  f rom d i f fe ren t ia t ion  of the 
las t  equation in (2.6) with r e spec t  to t a long the cavity 

boundary  (r = r0), 

/lo"--/~o'" @ / ;§ p" 
c0ro --  r - -Tj - - - -=  Y ' 

where  r io--  rio': -- ~ __ Vo (2.11) 
r 

make it  poss ib le  to ca lcu la te  R~, ~ "  ", f l ' .  + f2 ,  and 
):1'. - f2" .  at the in i t i a l  point  (it is read i ly  seen  that 
r has a d iscont inui ty  on the cha rac t e r i s t i c ) .  

We in t roduce  the notat ion 

~"" (fi'" §  c 
( l - - 2 z )  c~v' Y = - -  co2v 

m = / I" - - / f"  N = z, c R" 
Coy ' E v ' X ~ c " 

(2.12) 

Then,  for  (2.10) we get 

X ~  
i §  l - -zWzm 

N §  ( i_- -z )N§ 

= N §  §  - -  ~ ) - -  ~ /~  (2 .1 3 )  
(l § l ( i --2~)--  z/~ 

It can be seen  f rom (2.11) that 

m0 --= l p'r~ (2.14) 
Evo " 

At the in i t i a l  point of the f ront  ( r0 , t . ) ,  we have 
enough r e l a t i ons  to d e t e r m i n e  the va lues  of a l l  the 
funct ions.  F o r  x .  = R~/c  we get the quadra t ic  equat ion 

iN, + ~(l + m.) ]x,~ § (N, - -  l )  x ,  + i - -2a  (2.15) 



J.  A P P L .  MECH.  AND T E C H .  PHYS. 61 

zra, ] , (2.15)  + (l + +)(i + y - ~ / = 0  
( c o n t ' d )  

F o r  z ,  and  y ,  we ge t  t h e  e x p r e s s i o n s  

N,~, - -  1 
Z.,  I - -  x ,  ' 

(2.16) 
(1 - -  z ) , '  z + m ,  ( t  - -  ~)  N , .  

R e p e a t i n g  t h e  d i f f e r e n t i a t i o n  of  t he  s y s t e m  of 

e q u a t i o n s ,  we  c a n  f ind  t h e  f o l l o w i n g  d e r i v a t i v e s  of t h e  

u n k n o w n  f u n c t i o n s  a t  t h e  i n i t i a l  po in t .  D i f f e r e n t i a t i o n  

of  (2.13) ,  w h i c h  is  m o r e  c o n v e n i e n t  to p e r f o r m  wi th  
r e s p e c t  to t h e  d i m e n s i o n l e s s  t i m e  t~ = t c / r 0  y i e l d s  

( w h e r e  t h e  do t  d e n o t e s  d i f f e r e n t i a t i o n  w i th  r e s p e c t  

to tt) 

�9 " (1 - -  ~)~ - -  N ' ~  ( t  - -  z )  
x =  N - - i  = 

zm'z~*a[( i  " z )  IV" +zy ']  = 

= i - - * + z m  

z N  + y'z (i + ~) / (t - -  a) --  zm'z / (t -- 2z) --  z" (1 --  z) . (2.17) 
(l + m) z / ( t  - -  2z)-- z 

w h e r e  

r~ [ x N m  + ( t  " ' x )  z / ~ - - N g c ~ / c ~ ] .  (2.18) 
N ' = - - - f f  

and  m~ and  y ,  a r e  r e l a t e d  a s  f o l l o w s  ( h e r e  we u s e  t h e  

c o n d i t i o n s  a t  t h e  c a v i t y  wa l l ) :  

y," = - - m ,  / x , + l ~ , .  

: - - +  CO $ 

CO 2 C 

X ,  CO 2 ' 1  ) 

H e r e  p '"  d e n o t e s  t he  s e c o n d  d e r i v a t i v e  w i t h  r e s p e c t  
t o  t~. 

Hence the u n k n o w n  functions z, and m~ are defined 
by the system 

a ~ z +  + (t - -  z , )  - -  b~ = a , m , "  - -  b~ = 

= - -  a s m , ' - -  a~z," ( t  - - x , )  + bs (2.20) 

w h e r e  

i - -  x., bx --'-- a l N , ' x , ,  a2 2x, 
a l - -  N , - - t '  ( l - - r  ' 

t 
b~ = -~- a tx ,  iN," (l - -  z) / z + ~]d, 

a 3 = a ,  + 0 - ~ )  ~. ' 

1 
a~ --- (m,-}- l ) ~ / ( t - 2 z ) - z ,  ' 

b ~ = a , ~ [ N , ' +  (l +~)~ ,  ] 

T h e  s o l u t i o n  of  (2.20) h a s  t h e  f o r m  

a ,  (b~ + b,)  + a ,  (b~ - -  b , )  

Z , ' { |  - - . Y , )  = a l ( a 2 - . [ - a t ) + a . ~ a t  

(2.21) 

( 2 . 2 2 )  

a~ (b~ + b,) -- a~ 01 -- b2) (2.22) 
m." = - -  ~,~, +Z.i +4 ~ (cont'd) 

E q u a t i o n  (2.17) c a n  b e  u s e d  to c a l c u l a t e  x , .  C o m p u t -  
a t i o n  of R ,  a n d  R~', y i e l d s  t h e  e x p a n s i o n  f o r  AR1 = 

= R / r 0  - 1 a s  f o l l o w s :  

AR1 = x ,  At l  + 1/~ x," (At,_) ~ + . . . .  At1 = tl  - -  t l ,  �9 (2.23) 

An a n a l o g o u s  e x p a n s i o n  c a n  b e  a l s o  o b t a i n e d  f o r  t h e  

r a t e  of  m o t i o n  of t h e  c a v i t y  wa l l :  

i . .  s v o - - - - v , + v o , ' A t l + - ~ - v o ,  (At1) + . . .  

T h e  n o t a t i o n  v0~ and  v 0 , "  e m p l o y e d  in  t h i s  e x p r e s -  

s i o n  d e n o t e s  t h e  d i f f e r e n t i a t i o n  of  v0 w i t h  r e s p e c t  to  

t i m e .  T h e  d e r i v a t i v e s  of v0 a r e  e x p r e s s e d  by  ~ , ' " ,  
! b , " " .  and  @, . . . .  , w h i c h  h a v e  t h e  f o l l o w i n g  f o r m :  

~, '"  = ( i  - -  2z) c r o N , v , ,  "at,"" = - -  c ~ v , z , ( i  - -  2z) / z,  

( i  - -  2~)  v , c +  

r  = ~ ~ ro (1 - ~ , )  { z , '  - -  

- - z , [ y , c o 2 / c ~  + x , ( 1 - - m , ) l }  . (2.24) 

T h e n ,  

.0 ,1 , .  = (t  - -  2~)  ( N ,  - -  z f o ) .  

vo,..] V * t - - 2 ~  { z ,  + 

+ z," --  r ,  [Y,c0' / c~ + x, (t - -  m,)] } (2.25) 
- -  flg,# 

F r o m  (1.11) i t  f o l l o w s  t h a t  ~b'" i s  c o n t i n u o u s  a c r o s s  

t he  c h a r a c t e r i s t i c  t h a t  o r i g i n a t e s  a t  t h e  po in t  (ro, t , ) .  
U s i n g  t h e  s e c o n d  f o r m u l a  in (2.24).  i t  i s  r e a d i l y  s h o w n  
t h a t  ~ " "  (as  a l r e a d y  m e n t i o n e d )  h a s  a d i s c o n t i n u i t y  a t  

t h i s  c h a r a c t e r i s t i c .  
w We w i l t  e x a m i n e  t h e  s i m p l e  bu t  i m p o r t a n t  c a s e  

in  w h i c h  t h e  p r e s s u r e  a t  t h e  c a v i t y  w a l l  i s  g i v e n  in t h e  
f o r m  of a s t e p  f u n c t i o n :  a t  a c e r t a i n  m o m e n t  (deno ted  
by  t = 0), t h e r e  d e v e l o p s  a p r e s s u r e  P0 w h i c h  t h e r e -  
a f t e r  r e m a i n s  c o n s t a n t .  F o r  a n  e l a s t i c  s o l u t i o n  and  

t h e  d e t e r m i n a t i o n  of  t ,  we  h a v e  d e r i v e d  f o r m u l a s  (2.7) 

t h r o u g h  (2.9).  T h e  c o n d i t i o n  

P = Po = const (3.1) 

l e a d s  to a s i m p l i f i c a t i o n  of  t h e  f o r m u l a s .  T h u s ,  

{l --  ~) exp { V t --  2~ ~,) 

and  s i n c e  4 ,  i s  a f u n c t i o n  on ly  of P o i s s o n ' s  r a t i o  ~, N ,  
i s  a l s o  a f u n c t i o n  on ly  of  ~. If t h e  c o n d i t i o n  {3.1) i s  
s a t i s f i e d ,  m ,  = 1 and ,  a s  c a n  b e  s e e n  f r o m  (2.157 and  
(2.167, x , ,  z , ,  and  y ,  a r e  a l s o  f u n c t i o n s  on ly  of ~+ 
Hence ,  t he  i n i t i a l  p r o p a g a t i o n  r a t e  of  t h e  f r o n t  R ;  i s  

a f u n c t i o n  o n l y  of  o and  c,  b o t h  of  w h i c h  a r e  c h a r a c -  
t e r i s t i c s  of  t h e  m e d i u m .  T a b l e  1 and  t h e  f o l l o w i n g  

c o m p i l a t i o n  g ive  t h e  r e s u l t s  of t he  c a l c u l a t i o n s  fo r  

v a r i o u s  v a l u e s  of P o i s s o n ' s  r a t i o .  
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I I 0.10 0,t061 t . t t75 
0.25 1 0.303t t.4027 
0.35 ~ 0.4860 t.7709 

Table 1 

~, [ z, 

0.9033 10.0990 
0.7533 0.2294 
0.6236 0.2773 

Y, 

t . 0 t i7  
1.102i 
f.2927 

z,(t--x,) 

o.oo87 
0.0422 
0.4253 

m l  

0.9037 
0.762I 
1.1727 

0.0069 
0.0235 
0.2004 

0.I0 1.0525 --0.0499 --1.6002 0.0002 
0.25 l .t402 --0.1230 --i .0030 0.0030 
0.35 t.t989 --0.t659 --1.0102 0.0t0t 

In addi t ion to the f o r m u l a s  der ived  above, we wi l l  
give s e v e r a l  more :  

FO~ , ', r8~ * rOY. 

- =  + (  ) h."  -- I + ~ y ,  , . h,'" 
CON ~ _ COY.  

]l*'"t0 
~,COC 

m," + y,'co / c + (m, + y,co / c) [~.  (m, - -  1) - -  y,co ~ / cq 
2 (1 -- ~,c0 / ~) 

]2,'"ro - -  

D,CoC 

m," - -  y,'co / c + (m, - -  y.co / c) [~,  (m, -- i) -- y,  c0 ~ / cq (3 .3)  
2 (t + x,Co / c) 

T a b l e  1 a l s o  g i v e s  the e x p a n s i o n  c o e f f i c i e n t s  f o r  

AR1,  I f  t h e r e  w e r e  n o  c r a c k  f o r m a t i o n  a n d  n o r m a l  

e l a s t i c  m o t i o n  c o n t i n u e d ,  t h e n  v 0 / v  , w o u l d  b e  e x p r e s s e d  

b y  

cos ~t -}- (~ / V ' t ~ - ~ - )  sin ~t 
v .  v-2-~ : exp  [ ~ a ( t - -  t , ) ]  c o s N . - F  ( ~ / ] / ' i - - 2 z ) s i n I ~ t . "  (3 .4)  

Computat ion of the expansion (3.4) n e a r  t ,  shows 
that  the p r e s e n c e  of a c r ack  zone tends  to slow down 
the ra t e  of mot ion  of the cavity wall .  In t h e  fo rma t ion  
of the c rack  f ront  at the moment  t , ,  the r a t e  of mot ion  
of the wall  is cont inuous ,  but were  its f i r s t  de r iva t ive  
expe r i ences  a discont inu i ty .  

w It can be seen from the computations that the derivatives of 
the function f2  are very small  compared to those of~ i. Hence an 
approximate solution may  be proposed in which the derivatives of 
f2 are neglected. Then, from the fourth equation in (2.67 we obtain 
an equation for fl: 

d / l ( t )  -Jr" co pcor o 
dt ~ h (t) = ~ �9 

(4.1) 

For p =P0 = const, the solution has the form 

h (t) = poro 2 / E + K exp (-- Cot / to) , 

where K is a constant of integration that can be expressed in terms of 
the rate of propagation at the point (r0, t.7, whichinour  approximation 
is v .  = fl"Jr0. From the second and fourth equations of (2.67, it also 
follows that 

v, 11." ( l - - ~ ) h ,  h." b h ,  = po 
Co C o t s  ~ t o  2 ' coro ro 2, "-E-" 

Hence we get the following final expression for ~i(t) : 

9,;'0 2 
ro j ]  . (4.2) 

With the aid of the second equation of (2.6), it is now possible to 
obtain the equation of motion of the crack front 

h h  = @ [ A R i +  In (t + zAR1)] �9 (4.3) 

This function is given in Fig. 2 (the broken curve corresponds to 
x ,  from Table 17. Unfortunately, it  is not yet possible to compare 
this solution with the exact solution (2.67, but it is possible to compare 
the values of the various functions at the initial point of the front. In 
the first place, for the point of formation of the front itself we obtain 
the expression 

t .  = are tg ]f(1 - -  ~)  (t - -  2~) -t- ~ " (4.4) 

This expression can be used as a first approximation in the solution 
of the transcendental equation (2.18). For the parameters at the 
initial poin t we get 

t c t c 

N , = ( I _ ~ )  c o '  x , - ( t + ~ )  co ' 

~ C0 2 

x * ' - ( l + z ) 8  cs " 

(4.5) 

Table 2 gives the values of these parameters for various o. A 
comparison of the values in Tables 1 and 2 confirms the applicability 
of the approximate method, in particular, for media with a small  
Poisson ratio. Another peculiarity of the motion of the crack front, 
which can be seen from Table 1, should be noted. At the very 
beginning, the crack front moves with an acceleration x~ > 0. This 
is also apparent from the approximate solution, the first and second 
derivatives of which have the form 

d (at1) c z c ~2 

co (1 +zAR1) ~ " 

With increasing R, the acceleration decreases, while R" tends 
toward c, 

Note that an analogous approximate solution m a y b e  obtained for 
o~ ~ 0. We introduce the notation 5 =~0,/P0. Then the motion of 

the front is described by the equation 

c [ -  (I--8)(i 

~ ~ i - ~ -  j" (4.67 

It can be seenthat  Ati becomes oo at 6(1 + AR1} z = 1; hence/[co= 
= r s ~ .  This expression is a factor ]/ '~ greater than that obtained in 
[1]. For the derivatives d(Atl/d(AR1) and da(Atl)/d(ARlf we get the 
expression 

d(, '~ � 88  ~ + 28 (, + An,) ] 
d ( a R i )  = _ " { - l ~ i  l - - 6 ( t + a R 1 )  2 J '  

a~ (At0 ~ ~ ,~ ~ + 6 d  - + an~)~ 1 
=~o [ (f+--~d2+z~[i--6(l+an~),pl �9 
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for the initial point of the front and certain quantities at this 
poin~ we have the expressions 

(I --{~) f ~ - ~ - -  (I --26) ]/I --2~ 

t c r 
N, = (l __ a) (1__ 8) c0 ' z , - - t . + ~ + 2 8 [ ( l _ _ g ) ,  

~ ' C = - -  a~ [t §  + 2 6 ] ( t - - 6 ) p  

I d ~" (ah)? (1 + 6) 7 

Quantity [da(&t~)Sd(},Rt)Z], become~ positive for o = 0.1, beginning 
wit[t d = 0,005, for o = 0.25 beginning with 5 = 0.0~8, and for o = 
= 0.85 beginning with 6 = 0.0584, Thus, the presence of a certain 
o ~, leads to deceleration and halting of the crack front, 

F ig .  2 

T h e  a u t h o r  i s  i n d e b t e d  to S. S. G r i g o r y a n  f o r  h i s  

a t t e n t i o n  to  t h i s  w o r k  a n d  fo r  v a l u a b l e  d i s c u s s i o n .  

T a b l e  2 

OA I O.O 
0.25 ) 0.73 
025 0,585 

.%," } N. 

O.OO817 I t.12 
0.0366 -/ t.46 
0.053 t i.95 
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